Appendix-CAttachment 9
Balancingthe Typel and Typell Error Probabilities

of the
Truncated Z Test Statistic

This appendix describes a the methodology for balancing the error probabilities when the
Truncated Z datistic, described in Appendix A, is used for performance measure parity testing.
There are four key dements of the Satisticd testing process.
1. thenull hypothess Ho, that parity exists between ILEC and CLEC services
2. the dternative hypothesis, H, that the ILEC is giving better service to its
own customers
3. the Truncated Z test atistic, Z', and
4. acriticd vaue, ¢
The decison rule' is

If Z'<c then accept Ha
If Z'3c  then accept Ho.

There are two types of error possible when using such adecison rule:

Typel Error:  Deciding favoritism exists when thereiis, in fact, no favoritism.
Typell Error: Deciding parity exigswhen thereis, in fact, favoritism.

The probabilities of each type of each are;
Typel Error:  a=P(Z" <c| H,).
Typell Error: b=P(Z" 3 c|H,).
In what follows, we show how to find abaancing critical vaue, cs, sothat a = b.

General Methodology

The generd form of the test Setigtic that isbeing used is

! This decision rule assumes that the smaller a performance measure is, the better the service. If the
oppositeistrue, then reverse the decision rule.
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T- E(TH
0= A—") (C.)
SE(T|H,)
where

T isan esimator that is (approximatey) normally distributed,
E(T|H,) istheexpected vaue (mean) of T under the null hypothesis, and

SE(T|H,) isthe standard error of T under the null hypothesis:

Thus, under the null hypothess, z follows a sandard normd digtribution. However, this is not
true under the dternative hypothesis. Inthis case,

_T-E(TH,)
* SE(THH,)

has a standard normd distribution. Here

E(:I' |H,) isthe expected value (mean) of T under the dternative hypothesis, and

SE(AT |H,) isthe standard error of T under the dternative hypothesis.

Notice that

b=P(z,>c[H,)

_p®  CSE(TIH) +E(TIH,)- E(TIH,) O (C.2)
& SE(TIH,) o

and recdl that for a sandard norma random variable z and a congtant b, P(z< b) = P(z> -b).
Thus,

a=P(z,<c)=P(z,>-c¢) (C.3)

Sncewewant a = b, the right hand sdes of (C.2(C-2{C.2H{C-2) and (C.3CIHC3IHC3) |
represent the same area under the sandard norma dengity. Therefore, it must be the case that

o= CSE(TIH) + E(TIH,) - E(TIH,)
SE(T[H,) '
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Solving thisfor ¢ give the generd formulafor abalancing criticd vaue:

_ E(TIH,)- E(TIH,)
"~ SE(T|H,)+SE(T[H,)

(C.4)

The Balancing Critical Value of the Truncated Z
In Appendix A, the Truncated Z Satidtic is defined as
[] * o] *
a WZ, - a WE(Z;[H,)

ZT — J ]
3 WVar(Z:|H,)
a_- ] ] 0
]

In terms of equation (C.1){C-AHCIANCA) we have

= [o] *
T=3wz
j

E(TIH,) =& WE(Z; |H,)
j

SE(T|H,) = \/é W2Var(Z |H,)
j

To compute the baancing criticd vaue (C.4A){C4{C4AKC4), we aso need E(:I'|Ha) and
SE(:I'|Ha) . These values are determined by

E(TIH,) =4 WE(Z||H,) , ad
i

SE(TIH,) = \/é W2 var(Z [H,) .
j

In which case equation (C.A){C.A{C.44C.4) gives |

& WE(Z |H.) - & WE(Z |H,)
j j

G T - — - . (C.H)
Ja W, va(zj|Ha)+Ja W2var(Z; [H,)

] J

C-3



Thus, we need to determine how to cdculate E(Z)[H,), Var(Z,|H,), E(Z;|H,), ad

Var(Z’; |H,) . These values depend on the distribution of Z; (see Appendix A) under the null
and dternative hypotheses.

One possble sat of hypotheses, that take into account the assumption that transaction are
identicaly digtributed within cdlls, is:

Ho:m; = my, S4° = S5°
Hamy=m; +d;sy,S5°=1;82 d;>0,1;3 1landj=1% L.

Under this null hypothesis, Z; has a standard norma distribution within each cdl j. In which
case,

1
V2p

. 1 1
Var(ZJ-lHO):E' 2—

E(ZjIHy) =- , and

Under the dternative hypothess, Z; has anormd distribution with

-d
E(Z,|H,)=m, = 1+Jl , and
my Ty
I .n.+n,
SE(Z,|H,) = =, |12
n; +n

1j 2j
In generd, the mean of anormal didtribution truncated & 0 is
0

M(ms) = (‘)ﬁexp(- £(57)")ax,

and thevariance is
V(ms) = 0—0‘ X exp(- i(—x'"‘)z)dx - M(ms)’
\/2ps P2l

-¥

It can be shown that
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M(ms) =mF () - s f(5)

V(ms) =(m+s*)F () - ms f() - M(ms)’

where F (¥ is the cumulative standard normd didribution function, and f (¥ is the standard
norma dengty function.

Using the above notation, and equation (C.5)}{CEYC.5{C.5), we get the formula for the
balancing critica of Z' for the aternative hypothesis defined above.

[o] [o] - 1
WM (m,se)- § W ——
f:jl M (m,se) 5} " J2p

(C.6)

Cy = .
[) o al 16
WV(m,se)+ QW o=- —=
[Erm (awg o

This formula assumes that Z;, is gpproximately normally digtributed within cdl j. When the cdll
sample sizes, ny; and ny, are smal this may not be true. 1t is possible to determine the cell mean
and variance under the null hypothess when the cdl sample sizes are amdl. It is much more
difficult to determine these values under the dternative hypothess. Since the cdll weight, W; will
aso be amdl (see Appendix A) for acdl with smdl volume, the cell mean and variance will not
contribute much to the weighted sum. Therefore, formula (C.6){C-6}C-6}(C-6) should provide
a reasonable gpproximation to the balancing critical vaue.

Deter mining the Parameter s of the Alter native Hypothesis

In this appendix we have indexed the adternative hypothesis by two sets of parameters, | j and
d;. While satistical science can be used to eva uate the impact of different choices of these
parameters, there is not much that an apped to satistica principles can offer in directing specific
choices. Specific choices are best left to telephony experts. Still, it is possible to comment on
some aspects of these choices:

Parameter Choicesfor | ;. The set of parameters | ; index dternatives to the null
hypothesis that arise because there might be grester unpredictability or varigbility in
the delivery of service to a CLEC customer over that which would be achieved for
an otherwise comparable ILEC customer. While concerns about differences in the
variability of service are important, it turns out that the truncated Z testing which is
being recommended hereisrelatively insengtiveto dl but very large vaues of thel ;.
Put another way, reasonable differences in the values chosen here could make very
little difference in the balancing points chosen.
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Parameter Choicesfor d;. The set of parameters d; are much more important in the
choice of the balancing point than was true for the | ;. The reason for this is that
they directly index differences in average service. The truncated Z test is very
sendtive to any such differences; hence, even small disagreements among expertsin
the choice of the d; could be very important. Sample size matters here too. For
example, setting dl the d; to a sngle vaue % d; = d 3% might be fine for tests
acrossindividud CLECs where currently in Louisiana the CLEC customer bases
are not too different. Using the same vaue of d for the overall sate testing does not
seem sensble, however, since the state sample would be so much larger.

The bottom line here is that beyond a few generad considerations, like those given above, a

principled approach to the choice of the dternative hypotheses to guard against must come from
elsawhere.
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